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We shall associate the linear neutral Volterra integrodifferential equation 
’ 
-J; 




via the resolvent equation 
1 =Ax(r)+J;‘G(r-r)x(s)ds+ljr) 
(2) 
$ Z(t)- :C(z-s)Z(s)ds 
[ J 1 
=AZ(r)+/;G(rs)Z(s)dr 
(3) 
Z(0) = I. 
Here and hereafter, C(t) and G(r) are n x n matrices continuous for t > 0 
g(t) and f(r) n-vectors continuous for t E R with f (t + T) =f(t) and 
g(t + T) = g(f) for a constant T> 0, A a constant n x n matrix, Z the n x n 
identity matrix, and Z an n x n matrix. 
In the case where C(r) = 0 and g(t) = 0, T. A. Burton [ 1, Theorem 51 
proved that for any bounded solution x(t) of (2) there exists an integer 
sequence n, + co (as j -+ co) such that x(t + nj T) converges to a solution 
x*(t) of (l), which, if Z E L’ [0, cc ), is T-periodic and has the following 
nice formula, .~*(t)=[‘, Z(t--s)S(s)d s ( see [2, Theorem 1.11). Similar 
results can be found in [3] for the case g(t) =0 under the assumptions 
ZoL’[O, cc) and lim,,,, Z(r) = 0. However, [3] had not gotten sufficient 
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conditions to ensure Z E L’[O, co) and lim, _ co Z(t) = 0. In [4], the dis- 
cussion of the T-periodic solution of (1) (in the case g(t) = 0) depended 
heavily on the behaviors of solutions of the integral equation 
h(t)=&C(t-s)h(s)ds+f(t). 
The present paper is an extension of [l-4]. Using the variation of con- 
stants formula for (2), we prove that if Z, Z E L’ [0, co), then there exists a 
unique globally stable T-periodic solution g(t) + j’ co Z( t - s) g(s) ds + 
fLrn Z(t-s)f(s)ds. S ome sufficient conditions ensuring Z, Z E L’ [0, co) 
are also given. 
The following variation of constants formula generalizes [2, 
Theorem 1.11 to neutral equations. 
THEOREM 1. There exists an n x n continuously differentiable matrix Z(t) 
satisfying Eq. (3) with initial value Z(0) = I. Moreover, any solution x(t) of 
(2) can be represented by 
x(r)=Z(r)Cx(O)-g(O)l+g(f)+j:i(t-s)g(s)ds+j):Z(t-s)f(s). (4) 
Proof The existence of the solution Z(t) of (3) with initial value 
Z(0) = I follows from the fundamental theory of neutral functional differen- 
tial equations with infinite delay (cf. [S, 63). Equation (3) with initial value 
Z(0) = I is equivalent to 
Z(t)=Z+J’E(r-s)Z(s)ds, 
0 
where E(t) = A + C(t) + I& G(v) dv. It is easy to verify that Z(t) = 
I+ j;, M(s) ds with M(r) being the solution of M(t) = E(t) + 
St, E(t -s) M(s) ds, and so Z(t) = M(t) is continuous. On the other hand, 
Eq. (2) is equivalent to 
x(t) =x(o) - g(o) + g(t) + j)-(s) ds + j; E(f- s) 4s) ds. 
By a direct verification, we get 
x(r)=x(O)-g(O)+g(t)+{$s)ds+!+;M(t-S) 
x ( b(o) - s(O)1 + g(s) + 1; f(u) duj ds 
409.130’2.12 
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= x(0) - g(0) + g(t) + j; f(s) ds + j; i(t - 3) 
x[xwg(o)+g(s)+ jsf(w+ 
0 
= Z(t)[x(O) - g(O)] + g(t) + j; i(t -s) g(s) ds 
+ ;Z(t-s)f(s)ds 
I 
This completes the proof. 
Following the similar argument to those of [2, Theorem 1.1; 4, 
Theorem 2; 7, pp. 171-1781, we get 
THEOREM 2. Suppose C, GE L’[O, co). Then for any bounded solution 
x(t) of (2) there exists an integer sequence nj -+ co as j+ co such that 
x( t + n,T) converges to a solution of (1) on ( - co, + co) and the convergence 
is untform on any compact subset of ( - co, + co). 
THEOREM 3. If C, G, Z, ZE L’ [0, co), then (1) has a T-periodic solution 
g(t) + j’~ i( t - s) g(s) ds + s’ a, Z( t - s) f(s) ds, and all solutions of (1) 
defined for t > 0 with bounded continuous functions on (-co, 0] as their 
initial values tend to this T-periodic solution as t -+ co. 
Proof Z, ZE L’ [0, co) implies that lim, _ Ix) Z(t) = 0. Therefore by (4) 








s I + Z(t-s)f(t)ds -“,T 
-g(t) + j’ i(t-s)g(s)ds+j’ Z(t-s)f(s)ds, as j+co. 
-cc -cc 
By Theorem2, g(t)+J:, Z(t-S) g(s)ds+J<, Z(t-s)f(s)ds is a 
solution of (1). Obviously, it is T-periodic. 
Suppose x(t) is a solution of (1) defined for t 3 0 with initial value 
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x9 = cp, where q is a continuous bounded R”-valued function defined on 




and by Theorem 1, we get 
C( -s) cp(s) ds - g(O) 1 + g(t) 
+I0 C(t -s) q(s) ds -cc 
+j+s)[g(r)+J” C(s-u)p(u)du]ds 
~ m 
G(s - u) q(u) du ds. 
The boundedness of cp and CE L’[O, a) imply y-w C( -s) q(s) ds is a 
bounded real number, p-Y, C(t - s) v(s) ds = ST ot C(u) cp(t -u) du -+ 0, 
lYm G(t-s) cp(s)ds={:” G(u) cp(t-u)du+O as t -+ 00. These show 
Jys)JO C(s -u) q(u) du ds --t 0 
-3j 
and 
J; at -s) Jo G(s - u) q(u) du ds + 0 as t-co. -~ 03 
On the other hand, 
Jo --r i(w) g(s)ds<J+m I~(U)I dv.oTT$T I&N -+o f . . 
I” z(r-~)f.(s)ds$/+~ IZ(u)l d~.oy~$f(s)l-O 
-cc I . . 
as t -+ co. Therefore, 
x(l)-g(t)-{’ i(l-s) g(s)ds-j’ Z(t-S)f(s)ds-rO as t-+03. 
-a -cm 
This completes the proof. 
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So the key to prove the existence of a unique globally stable T-periodic 
solution for (1) is to verify Z and Z E L’ [0, co ). In the remainder of this 
paper, we shall give some sufficient conditions ensuring them. 
LEMMA 1. If jofw [C(t)/ dt< 1, then lim,,,[Z(t)-J;, C(t-.s) 
Z(s) ds] = 0 implies lim,, ~ Z(t) = 0. 
ProoJ The continuity of Z(t) and lim,, co [Z(r) -Sk C(t - S) 
Z(s) ds] = 0 imply the existence of a constant N> 1 such that /Z(t) - 
jbC(t-s), Z(s)dsl dN. If there is a u>O with [Z(u)1 =maxgGSGU (Z(s)], 
then 
lZ(u)l <j” lC(u-s)l /Z(s)] ds+N 
0 
< I += (C(s)1 ds IZ(u)l + N 0 
and thus 
MUM GN ‘[ 1 -jo+m JC(s)( d ]=M. 
This shows that lZ(t)l GM for t 2 0. For any E > 0 choose h sufficiently 
large so that 
lD(r)l+j+x JC(s)l dsM<e for t>h, 
h 
where o(t) = Z(t) - [A C(r -s) Z(s) ds. Therefore for t 2 h, we have 
IZ(t)l i jt’-, IC(t-s)l lZ(s)l ds+ j;-” IC(f-~11 dsM+ ID(t)I 
Choose t,,eZ,= [n/z, (n+ l)h] so that IZ(t,)l =max,G,n IZ(t)l, then 
E+ I +a3 IC(f)l dt Ml,,- 111, 
if there exists u E [t, - h, nh] 
0 with (Z(u)/ = max [Z(t)1 
IZ(trl)l G 
isir,-h,fnl 
E+ s +m [C(t)1 dt iZ(t,)l, 
if max IZ(s)l 
0 sect,-W.1 
= ,,y-y, , lZ(s)l. 
. n 
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Therefore if IZ(tnpl)( <.s/[l -so+“; \C(t)( dt], then IZ(t,)( <.s/[l - 
jofw IC(t)( dt], and thus IZ(t,)l <s/[l -jo+a lC(r)( dt] for all k>n-- 1, 
and if IZ(t,)( >s/[l -jzrn IC(t)l dt], then IZ(t,)l <~+j;~ \C(t)j dt 
lZ( t,- l)l. This implies that either there exists a positive integer K such that 
IZ(t)l GE/Cl - jo += IC(t)l dt] for t>Kh or IZ(t,)l <~+jS0f~ IC(t)l dr 
IZ(t,-,)I for n= 1,2, . . . . If the latter case occurs, then 
1 +j+m (C(t)dt+ ... + 
0 
+ Jb+;” ( 
n+l 
IC(t)l dt IZ(to)l 
$s/[l- jo+m ,C(r)l]dl+(jb’” IC(t)l dt)‘+‘M 
Therefore these two cases imply lim,, m Z(t) = 0, since E is sufliciently 
small. This completes the proof. 
LEMMA 2. If jgrn IC(t)l dt<l and GeL’[O, co) then Z(t)-jhC(t-S) 
Z(s)ds~L’[o, 00) implies Z, icL’[O, co). 
Proof. Let D(t) = Z(t) - jb C(t - S) Z(s) ds. Then Z(t) is a fixed point 
of the mapping T defined by (TZ)( t) = jb C(t - s) Z(s) ds + D(t) for 
ZE L’[O, co). It is easy to verify that T maps L’[O, co) into itself with 
s 
+= l(TZ- TT)(t)( dt 
0 
+zc = I I ‘IC(f-s)l I[Z(s)-T(s)]1 dsdr 0 0 
d jo+m IC(t)l dtSot IZ(t)-z(r)1 dt for Z, ZE L’[O, oo), 
that is, T is a contraction mapping from L’[O, co) into itself. Therefore 
T has a unique fixed point in L’[O, co), that is, ZE L’[O, co). Z is 
continuously differentiable, so (3) is equivalent to 
Z’(t)=j’C(s)Z’(t-s)ds+C(t)+AZ(t)+&G(r-s)Z(s)ds. 
0 
Using the same argument as above we get Z’ E L’[O, cc ). This completes 
the proof. 
For the case where (3) is a scalar equation, we have 
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THEOREM 4. Suppose that sofa /C(t)/ dr < 1, 
so+ co lAC(t) f G(f)1 dt + A = c1 <o 
1 -szrn [C(t)/ dt 
Then Z,i,DcL’[O,oo), lim,,,Z(t)=O, lim,,,D(t)=O, where D(t)= 
Z(t) - I;, C(t - s) Z(s) ds. 
ProoJ: Let 
F(t) = (AC(t) + G(r)1 





Rewriting (3) as 
1 





+I; IAC(t-s)+G(t-s)l lZ(s)l ds 
+/+m 
I 
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+ j-+m F(u)du j-‘(C(r-s)( /Z(s)1 ds- j;F(t-s) IZ(s)( ds 
~ j;- ,AC(t) + i(t), dt 







which implies jgco ID(s)/ ds< (l/cr) V(0, Z,). That is, DEL’[O, co), and 
thus Z, Z’ E L’[O, 00) by Lemma 2, which implies lim,, a Z(t) = 0 and 
lim,, m D(t) = 0. This completes the proof. 
For the general n-dimensional equation (3), we have 
THEOREM 5. Suppose that A is a stable matrix, B is a positive definite 
n x n matrix with A’B+ BA = - Z, and a, p are positive constants with 
a2xTx<xTBx</?*xTx. US:” IC(t)l dt< 1, 
j(tm lBAC(t) + BG(t)l dt 1 
UC1 -jzm IC(t)l dt] <g’ 
then Z, 2, D E L’ CO, co), lim, _ o. D(t) = 0 and lim, _ oc Z(t) = 0, where 
D(t)=Z(t)-@(t-s)Z(s)ds. 
Proof Let 
K(t)=‘Otm ‘BAC(t)+BG(t)‘dt \C(t)l+i,BAC(t)+BG(t)j 
UC1 -jOta Ill dtl a 
and 
+j-:j)= K(u-s)du Ix(s)1 ds, 
where x(t) is a solution of 






[Ax(t) + j;, G(t -s) x(s) dslTB[x(t) - l;, C(t -3) x(s) ds] 
= 2{ (X(+-S:, C(t-S) x(s) ds]Ql[x(t) - j:, C(t - s) x(s) ds] )“2 




K(u - t) du x(t) - j-’ K(t-s) Ix(s)1 ds 







K(u)du x(t)- j;C(t-s)x(s)dsi 
+ jam K(u)du j; IC(t-s)( Ix(s)1 ds- jo+a K(t-s) Ix(s)1 ds 
1 
<- -- [ J +%(u)du v 0 II x(t)- j;C(t-s)x(s)dsi 
+;s,; IBAC(t-s)+BG(t-s)( Ix(s)1 ds 
+ J +aj ~(u)du J; /c(t--s)( lx(s)1 d+qt-s) lx(s)1 ds 0 
= _ r/km P-4C(t)+=(t)I dt x(t)- 
2a dl -.fo” IC(r)l dtl II 1 ‘c(t-S)X(S)ds 0 
The remainder of the proof is 
leave it to the readers. 
Remark. Making a change 
the unique T-periodic solution 
k(t) = f’ C( t - s) k(s) ds + g(t). (5) 
the same as that of Theorem 4 and so we 
of variable x(t) = y(t) + k( t), where k(t) is 
of the following integral equation 
Equation (1) is equivalent to 
C(t-s)y(s)ds]=Ay(t)+ j’ G(t-s)y(s)ds+f*(t) 
--m 
(6) 





Therefore, by Theorem 3, (1) has a T-periodic solution 
k(t)+ j’ Z(t-s)j-*(s) ds 
-m 
provided that C, G, Z, 2~ L’[O, co). 
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